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Abstract
This paper extends a widely used theorem of Himmelberg to topological vector spaces whose completion
have a separating dual.
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Himmelberg [5] proved the following interesting extension of a fixed point theorem of Glicks-
berg [4] (see also Browder [1], Ky Fan [3], Jafari and Sehgal [6]).
Theorem 1. Let E be a locally convex, Hausdorff vector space, C a convex subset of E and K
be a compact subset of C. If f :C → K is an upper semicontinuous (usc) multifunction with
nonempty compact and convex values, then there exists a u ∈ K with u ∈ f (u).
This theorem has found extensive applications in economics and in proving the existence of
equilibrium points (for example, see [2] and references therein). The purpose of this paper is to
extend Theorem 1 to topological vector spaces (TVS) that are not necessarily locally convex.
In what follows, E = (E, τ ) is a TVS with topology τ , Ê = (E, τ )∧ the completion of E
(see [11, p. 17], for example) and E∗ the topological dual of E. Note that if E∗ separates the
points of E, then (E, τ ) is Hausdorff and the weak topology (E,τw) of E is Hausdorff and locally
convex. Clearly, if E is Hausdorff and locally convex, then E∗ separates the points of E, and in
this case Ê is Hausdorff and locally convex [8, p. 208].
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F. Jafari, V.M. Sehgal / J. Math. Anal. Appl. 327 (2007) 298–301 299The notation co and cl, as usual, will refer to the convex hull and closure, while a net (xα) → x
in E (respectively (E, τw)) indicates the convergence in the original (respectively τw) topology
of E. The simple lemmas below simplify the proof of the main result.
Lemma 2. Let (Ê)∗, the dual of Ê, separate the points of Ê. Then E∗ separates the points of E.
Proof. Let x, y ∈ E, x = y. By hypothesis, there is a u ∈ (Ê)∗ with u(x) = u(y). If uE is the
restriction of u to E, then uE is continuous, i.e. uE ∈ E∗ with uE(x) = uE(y). 
Lemma 3. If E∗ separates the points of E and a net (xα) converges to x in (E, τw), then xα → x
in (Ê, τw).
Proof. Let u ∈ (Ê)∗ and uE be the restriction of u to E. Then uE ∈ E∗. By hypothesis, uE(xα) →
uE(x). Since x and the net (xα) are in E, it follows that u(xα) → u(x). That is, the net (xα) → x
in (Ê, τw). 
Lemma 4. Let (Ê)∗ separate the points of Ê. Let K be a compact subset of E whose cl(co(K))
in Ê is Ê-compact. If a net (xα) ⊆ co(K) is such that for some u ∈ K , (xα) → u in (E, τw), then
there is a subnet (xβ) of the net (xα) with (xβ) → u in (E, τ ).
Proof. Let B = cl(co(K)) where cl here is the closure in Ê. By hypothesis, B is a compact
subset of Ê. Since the net (xα) ⊆ B , there is a subnet (xβ) of the net (xα) and x ∈ B ⊆ Ê such
that
(xβ) → x in Ê. (1)
Hence (xβ) → x in (Ê, τw). By hypothesis (xβ) → u in (E, τw) and by Lemma 3, (xβ) → u in
(Ê, τw). Consequently, (xβ) converges in (Ê, τw) to both x and u. Since (Ê, τw) is Hausdorff, it
follows that x = u and by (1), (xβ) → u in Ê. Now, since both u and (xβ) are in E, we will show
that in fact (xβ) → u in E. For this, let U be a neighborhood of u in E. Then U = V ∩ E for
some neighborhood V of u in Ê. Since (xβ) → u in Ê, it follows that (xβ) ⊆ U eventually, and
thus (xβ) → u in E. 
Recall that if E is a Hausdorff TVS and G and H are nonempty subsets of E, then a multi-
function f :G → H is upper semicontinuous iff for any closed subnet B ⊆ H ,
f −1(B) = {x ∈ G: f (x) ∩ B = ∅}
is a closed subset of G. It is easy to prove (see [1], for example) that if f :G → H is upper
semicontinuous and a net (xα) → x in G and a net (yα) → y in H , yα ∈ f (xα) for each α, then
y ∈ f (x). The result below provides an extension of Theorem 1 to topological vector spaces.
Theorem 5. Let E be a topological vector space, C a convex subset of E and K a compact
subset of C such that cl(co(K)) is Ê-compact. Let f :C → K be an usc multifunction such that
for each x ∈ C, f (x) is a nonempty, convex, and closed subset of K . If (Ê, τw) separates the
points of Ê, then f has a fixed point in K .
Proof. By Lemma 2, (E, τw) is a Hausdorff locally convex space. Let U be a neighborhood basis
of 0 in (E, τw) consisting of (E, τw)-closed convex and symmetric subsets of E. Let V be a fixed
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such that K ⊆⋃ni=1(xi + V ) and hence
C ⊆ f −1(K) ⊆
n⋃
i=1
f −1(xi + V ). (2)
Let CV = co(AV ) and M = span(AV ). Then M is a finite-dimensional subspace of E and all the
linear topologies on M are homeomorphic. Clearly, CV is a compact subset of M . Since CV ⊆ C
and V is symmetric, it follows by (3) that for any x ∈ CV there is an xi ∈ AV such that
xi ∈
(
f (x) + V )∩ CV . (3)
Define a multifunction fV :CV → CV by
fV (x) =
(
f (x) + V )∩ CV , x ∈ CV .
By (4), fV (x) = ∅. Clearly, fV (x) is convex and since f (x) + V is closed (see [9, p. 35], for
example) fV (x) is a closed subset of CV . We show that fV is usc. To prove this, let B be a closed
(hence compact) subset of CV . It is easy to verify that
f −1V (B) =
{
x ∈ CV : f (x) ∩ B = ∅
}= f −1(B + V ).
Since B + V is E-closed and f is usc, it follows that f −1V (B) is a closed subset of CV , that is
fV is an usc multifunction. Thus fV :CV → CV satisfies the conditions of Kakutani’s fixed point
theorem [7]. Hence, for each V ∈ U , there exists an xV ∈ CV satisfying
xV ∈ fV (xV ) =
(
f (xV ) + V
)∩ CV ⊆ co(K). (4)
Choose for each V ∈ U a yV ∈ f (xV ) satisfying
xV − yV ∈ V. (5)
Partially order U by inclusion. Then the net {xV − yV : V ∈ U} → 0 in (E, τw). Since the
net {yV : V ∈ U} ⊆ K , there is a subnet {yV ′ : V ′ ∈ U ′ ⊆ U} and a u ∈ K such that the net
{yV ′ : V ′ ∈ U ′} → u in E and hence by (6), the net {xV ′ : V ′ ∈ U ′} → u in (E, τw). Since u ∈ K
and the net {xV ′ ,V ′ ∈ U} ⊆ co(K), it follows by Lemma 4 that there is a subnet (xV ′′) of
(xV ′) with (xV ′′) → u in E. Hence, the net (yV ′′) → u in E also. Since f is usc and for each
V ′′, yV ′′ ∈ f (xV ′′), it follows that u ∈ f (u). This proves the theorem. 
Note that if E is a Hausdorff locally convex space, then Ê is also a Hausdorff locally convex
space and hence (Ê)∗ separates the points of Ê. Consequently, Theorem 1 follows from Theo-
rem 5. Note that if C is compact, then Theorem 5 extends Tychonoff’s fixed point theorem to
topological vector spaces.
Remarks. (i) It may be remarked that E∗ separates the points of E neither implies that E is
locally convex nor the convex hull co(K) of a compact set K is compact. For an example, we
refer to Rudin [10, Example 5, p. 85]. Note that in Rudin’s example, E = Ê.
(ii) One may also ask if E∗ separating the points of E is necessary for Theorem 5 to hold. An
affirmative answer to this question would provide a generalization of the Schauder–Tychonoff
theorem and it remains open.
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